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SUMMARY 
Finite Element (FE) modelling is used to investigate the effect of varying the rib 
thickness on the mechanical properties of conventional and re-entrant 
periodic honeycombs. The calculations confirm that the re-entrant honeycomb 
has a negative Poisson's ratio. The data show that the mechanical properties 
vary not only with honeycomb relative density, but also on how the relative 
density variation is achieved. Reducing the thickness of 'vertical' ribs, whilst 
maintaining constant 'diagonal' rib thickness, does not alter the Young's 
modulus and Poisson's ratio in the x direction (Ex and vxJ, but does lead to a 
decrease in the magnitude of the y-directed properties (Eyand vwe)' Reducing 
the diagonal rib thickness at constant vertical rib thickness leeds to a more 
marked decrease in Ey as well as in Ex, whereas VX}' and Vyx both Increase in 
magnitude. An analytical model is also developed to account for different 
vertical and diagonal rib thicknesses, and good agreement with the FE model 
data is achieved. The results have implications for applications in which 
maximising or maintaining mechanical properties with respect to relative 
density is important. 
INTRODUCTION 
Metallic and polymeric cellular solids in the form of honeycombs and 
foams can be produced with a combination of high strength and/or 
stiffness to low weight/density as a result of their macroporous nature. 
Consequently they are the materials of choice in a variety of applications 
including, for example, lightweightstructuralsandwich panels inaerospace 
and automobile body parts, impact energy absorbing structures, skis, 
packaging, protective clothing, cushion materials and filters. In order to 
tailorthe propertiesofhoneycombstructures to giveoptimumperformance 
both before and during service it is necessary to be able to relate the 
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macroscopic mechanical properties (e.g. Young's modulus and Poisson's 
ratio) to the internal cellular structure. A number of models have been 
developed to predict the mechanical properties of cellularsolids, the most 
prevalent of which are either analytical or finite element methods, or a 
combination of the two approaches. 
Analytical models for the deformation of periodic regular honeycombs 
model the honeycomb cell walls (ribs) as beams, the deformations of 
which are calculated using standard beam forrnulee'I', Originally the 
models assumed flexure of the honeycomb ribs was the predominant 
mechantsm'<', and more recently have allowed rib hinging (Le. change in 
the angle between ribs) and stretching (i.e. change in the rib length)to also 
occur concurrently with flexure(3,4). These models assume uniform rib 
thickness and material properties so that the mechanical properties of the 
honeycomb are given exactly by those calculated for the unit cell. Good 
agreement is generally achieved between the predicted and observed 
elastic constants, compressive strengths and fracture toughness, for 
example. 
Numerical approaches based on the finite element (FE) method have 
been developed to predict the properties of irregular and non-periodic 
honeycombs(5,6) and honeycombs having non-uniform thickness along 
the length of each rib(7) as well as regular periodic honeycombs(8-11). The 
FE approach also enables the effect of defects due to rib deletion or 
thickness variations to be investigated. 
Important honeycomb properties that have been modelled using the 
analytical and numerical methods include, Young's modulus, strength, 
shear modulus and Poisson's ratio. Reducing the thickness of all the ribs 
in a uniform manner from regular periodic re-entrant'l'" and hexagonal(5) 
honeycombs and irregular non-Periodic Voronoi honeycombs'S has 
been predicted using FE models to lead to decreases in the Young's 
moduli. However, reducing the thickness of all ribs leads to more modest 
decreases in the Young's modulus and strength of the honeycombs than 
for random deletion of the ribs(5). Hence the Young's modulus and 
strength decreases cannot be attributed solely to density variations since 
they are clearly dependent on how the density reduction is achieved. 
Poisson's ratio is defined as the ratio of the contractile transverse strain 
to the tensile longitudinal strain for a material under uniaxial tension in 
the longitudinal direction. Most materials contract in cross-section when 
extended axially, leading to a positive Poisson's ratio (Figure 1(a)). 
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However, classical elasticity theory allows for the possibility that a 
material or structure may possess a negative value of Poisson's ratio(12), 
indicating that as the material or structure is stretched in one direction it 
expands in one or more transverse directions (Figure l(b)). Alternatively, 
the material contracts laterally when uniaxially compressed. 
An increasing number of natural and man-made materials and structures 
are now known to possess a negative Poisson's ratio, so-called auxetic 
materials/structures'P', including macroscopic foams(14l, carbon-fibre­
reinforced composite laminate panels(15,16), microporous po}ymers(17,18} 
and molecular-level materials'l?'. Honeycombs are yet another example 
of a class of auxetic structures(Z·4.6,8,9,2D-22). The analytical and numerical 
models referred to above have shown that the sign and magnitude of the 
Poisson's ratio of a honeycomb structure is determined by two factors: (i) 
the honeycomb geometry and (ii) the deformation mechanism(s) acting 
within the structure. For example, a conventional honeycomb structure 
deforming by flexure and/or hinging of the honeycomb ribs possesses a 
positive Poisson's ratio (Figure 2(a)) , whereas a honeycomb having an 
angle of opposite sign (to give a re-entrant honeycomb cell) deforming in 
the same way has a negative Poisson's ratio - Figure 2(b). 
Figure 1 Schematics of undeformed (dashed outline) and deformed (solid 
line) materials: (a) Non-auxetic material; (b) Auxetic material 
~ ~ ~ ~ 
....-r- [-----------1 iiiij-+ +vev 
xy 
(a) Non-auxetic iii i 
x 
-vevxy 
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Figure 2 (a) Conventional honeycomb deforming by hinging of the cell walls; 
(b) He-entrant honeycomb deforming by hinging of the cell walls, leading to 
auxetic behaviour. Honeycomb geometrical parameters and co-ordinate 
system are defined in (a) 
Yj 
'vertical' rib ,"----.. 
I 
'diagonal' rib x 
(a) 
e(= -ve) 
x 
(b) 
Cellular Polymers, Vol. 21, No.2, 2002 
Supplied byThe British Library ~ "The world's knowledge" 
72 
Modelling the Effects of Density Variations on the In-Plane POiSSon's Ratios and Young's Moduli 
ofPeriodic Conventional and Re-Entrant Honeycombs - Part 1: Rib Thickness Variations 
Auxetic materials or structures can have enhancements in other mechanical 
properties due to possessing a negative Poisson's ratio (e.g. fracture 
toughness(14)) and have an ability to undergo synclastic (Le.dome-shaped) 
cUJVature(14,23}. Consequently, a host of potential applications have been 
identified for auxetic materials (e.g. personal protective equipment, 
fasteners and rivets) (24 ,25)• Applications relating specifically to auxetic 
honeycombs include composite sandwich panels consisting of fibre­
reinforced composite laminate outer surface layers bonded to an auxetic 
honeycomb core material(23). In addition to exhibiting excellent strength­
to-weight properties, auxetic sandwich panels can be formed into doubly­
curved (synclastic) dome shapes (for use in aircraft nose cones and 
automobile body parts, for example) far more easily than the non-auxetic 
counterparts which tend to naturally adopt a saddle shape (anticlastic) 
curvature upon bending. The FE method has been used to predict auxetic 
behaviour in 'network embedded' reinforced composites(26l. In this case 
auxetic behaviour arises due to incorporating a re-entrant honeycomb 
network of high-modulus material within a low modulus matrix. In yet 
another application, micromachined polymeric honeycomb membrane 
filters have recently been fabricated and shown to have enhanced pore­
opening characteristics and, therefore, improved filter de-fouling and 
particulatesize-selectivitypropertiesdue to possessing a negative Poisson's 
ratio(27 ,28) • 
These latter micromachined membranes are ideal systems with which to 
verifythe applicability of the analytical and numerical modelling approaches 
for predicting the mechanical properties of regular periodic honeycomb 
networks. Good agreement has been demonstrated between the 
experimental Young's moduli and Poisson's ratios of both conventional 
and re-entrant honeycomb membranes and those predicted by the 
analytical models in which deformation is assumed to be due to rib flexure 
and also rib flexure, hinging and stretching occurring simultaneously(28). 
Hence rib flexure has been confirmed as the dominant deformation 
mechanism for these honeycombs. 
We have performed a detailed investigation, using analytical and FE 
models, into the effectsof honeycombdensity variation on the mechanical 
properties of honeycombs. The main aims of this paper are: 
1.	 To develop further the existing analytical models for the prediction 
of in-plane Young's moduli and Poisson's ratios to allow for 
honeycombs having different vertical and diagonal in-plane rib 
thicknesses. 
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2.	 To develop a FE model and methodology for the prediction of in­
plane Young's moduli and Poisson's ratios, which is validated 
through comparison with the analytical models and experimental 
data(28), and hence may be employed in future studies where 
analytical models are inappropriate. 
"::3.	 To use the analytical and FE models to study the effects of ';' 
honeycomb relative density variation, achieved through variation of 
the in-plane thickness of the honeycomb ribs, on the in-plane 
Young's moduli and Poisson's ratios of conventional and re-entrant 
regular periodic honeycombs. 
The thickness of both types of rib (i.e. 'diagonal' and 'vertical' - see 
Figure 2) varying simultaneously was investigated as well as variation of, 
the thickness ·ofvertical ribs for constant diagonal rib thickness and vice 
versa. The data show that the honeycomb mechanical properties depend 
on how the variation in honeycomb density is achieved. The data also 
confirm that the analytical models provide adequate predictive solutions 
for the elastic constants of periodic regular honeycombs undergoing 
elasticdeformation, whilstalso validatingthe FE model for the calculation 
of honeycombs having geometries not easily modelled by analytical 
methods, e.g. honeycombs containing defects, complex cellshapes, and 
irregular and non-periodic honeycombs. The results from FE model 
calculationsofvaryinghoneycombdensitybyintroducing defects (deleting 
ribs) into the honeycombs are reported in a companion paper(29). 
HONEYCOMB MODEL GEOMETRIES 
Conventional and re-entrant honeycomb geometrical parameters are 
also presented in Figure 2. The honeycombs consist of vertical ribs 
(aligned along the y axis) of length h and diagonal ribs of length i at an 
angle of ewith respect to the x axis. Conventional and re-entrant cells 
correspond to ein the range 0 ~ e~ +900 and -90 s es 0°, respectively. 
AU ribs have out-of-plane depth b. Vertical and diagonal ribs have in­
plane thickness th and tl , respectively. Two geometries were modelled, 
corresponding to the conventional and re-entrant micromachined 
honeycomb filter geometries fabricated by Alderson et al(28). The initial 
geometrical and intrinsic (rib) material parameters are summarised in 
Table 1 for each honeycomb. 
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1­ Table 1 Intrinsic material and initial geometrical parameters for the 
d honeycombs modelled in this paper. h - vertical no length, , .. diagonal 
rib length, 9 - angle of diagonal rib with respect to the x axis, t J = in-
plane diagonal rib thickness, tIl - in-plane vertical no thickness, b - out­e 
of-plane rib thickness, Erl b "" Young's modulus of rib material, vrib • 
Poisson's ratio of rib material. Numbers in parentheses are the 
uncertainties associated with the experimental measurement of each
,f paramet~8i 
f Honeycomb 1 
(Conventional) 
t 
h (mm) 0.69 (0.07) 
I (rom) 0.56 (0.02) 
e (0) +23 (2)f 
0.14 (0.03) 
t {mm} 
t, (mm) 
0.14 (0.03)h 
b (mm) 0.128 (0.005) 
E"b (GPa) 4.4 (0.6) 
+0.56{0.10)Vr1b 
Honeycomb 2 
(Re-entrant) 
0.78 (0.03)
• 
0.54 {O.02} 
-23 (2) 
0.086 (0.006) 
0.086 (0.006) 
0.128 (O.OOS) 
4.4 (0.6) 
+0.56 (0.10) 
MODELS AND METHODS 
Finite Element Model 
FE calculations were performed using the ANSYS(30) and SDRC I-DEAS 
FE(31) packages. The latter package was employed purely for verification 
purposes. Each honeycomb cell rib was modelled by one (diagonal rib)or 
two (vertical rib) linear elastic beam elements (Le. ANSYS BEAM3(32), 
SDRC I-DEASL.E.B.E.(33l). This is consistent with previous FE studies in 
which it has been shown that one beam element per cellwall is sufficient 
to accurately model the linear elastic behaviour, whereas three elements 
per cell wall are preferred to accurately model non-linear elastic and 
failure propertieslS). The ribs were rigidly fixed to each other at the 
junctions. Arrays ranging from 15x15 to 21x21 unit cellswere generated. 
These are consistent with typical honeycombs studied in the previous 
theoretical and experimental(28) studies used for comparison and validation 
purposes, whilst also ensuring that a sufficiently large number of cells 
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were modelled to enable the honeycombs to approximate the infinite 
networks amenable to modelling by analytical methods. Boundary 
conditions were the same as those imposed by Silva et 01. (5), i.e, by 
constraining the nodes on the edge of the honeycomb opposite the edge 
to which force was applied - Figure 3. The nodes were constrained from 
moving in the loading direction and from rotating in the plane of the 
honeycomb (thus reinforcing the fixed edge to remain straight during the 
simulated uniaxial tensile/compression test), butwere free to move in the 
transverse direction (perpendicular to the loading direction). 
Strains were determined by calculating the fractional change in distance 
between pairs of nodes aligned along the direction of interest and offset 
from each of the opposing edges of the honeycomb by one unit-cell. This 
was done to minimise edge effects and is again consistent with the 
previous theoretical and experimental works for comparison. Forces 
were applied to the nodes of the free edge opposite the fixed edge, and 
in a direction perpendicular to the fixed edge. The total force applied to 
the free edgewas obtained bysumming an the applied nodal forces, which 
then enabled the applied stress to be calculated by dividing the total 
applied force by the area of the edge upon which the force was applied. 
Preliminary calculations demonstrated linear stress-strain and transverse 
strain-longitudinal strain behaviour up to applied strains of at least 1%, 
as also observed in the experimental data and predicted by the analytical 
Figure 3 Typical applied load and boundary conditions for a conventional 
honeycomb undergoing tension in the x direction. Forces are applied to the 
nodes on one edge. The nodes on the edge opposite to which force is applied 
are constrained from moving in the direction of the applied load and from 
rotation in the x-v plane 
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models{28l. Hence in order to enable efficientcalculation of themechanical 
properties of a large number of honeycombs, properties were calculated 
for a strain of -1% in the loading direction in all cases. 
The Young's moduli were calculated from: 
O .E.=_1 (1)
I E. 
1 
where E" O'j and Ej are the Young's modulus, stress and strain in the i (= 
x or y) direction, respectively. The Poisson's ratios were calculated from: 
VI' = - Ej (2)
J e. 
I 
where E~ is the strain in the transverse j (= y or x) direction and V'j is the 
Poisson s ratio for a load applied along the i (= x or y) direction. 
The effects of rib thickness variations on the Poisson's ratios and Young's 
moduli were calculated for the following three scenarios: (i) uniform rib 
thickness variation of all vertical and diagonal ribs simultaneously; (ii) 
uniform rib thickness variation of all vertical ribs whilst maintaining 
constant diagonal rib thickness; (iii) uniform rib thickness variation of all 
diagonal ribs whilst maintaining constant vertical rib thickness. 
Analytical Model 
Previously, an analytical model for the deformation of honeycombs due 
to concurrent rib flexure, hinging and stretching has been developed(3,4) 
assuming vertical and diagonal ribs of equal thickness. Here we extend 
the model to consider vertical ribs having different thickness to the 
diagonal ribs. The derivations employ the same methods as used 
previously(2-4). 
The unit-cell lengths X and Y in the x and y directions, respectively, are 
given by 
x=21 cos9 (3) 
Y = 2(h + IsinG) (4) 
The total changes in the unit-cell lengths, upon deformation, dX and dY, 
are given by 
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dX = dXr +dX h + dx, (5) 
{6} 
where the subscripts I, hand s refer to changes due to rib flexure, hinging 
and stretching, respectively. 
Consider a load in the y direction. PreviouslyI3,4), it has been shown that 
the unit-cell changes due to rib flexure and hinging take the form 
dX. =- Xb sin6 cos S d (7)
I K. O'y 
I 
2 
dv . = Xbcos Bd (8)Ii K. O'y 
I 
where j = for h and the force constants for flexure and hinging are given by 
(9)
 
(lO) 
Errb and Gr1b are the intrinsic Young's and shear modulus, respectively, 
of the rib material. Equation (10) corresponds to hinging via shearing of 
the diagonal rib material at the cell wall junction(4) and is valid when the 
rib aspect ratio lit is small, which is the case for the honeycombs studied 
here(28). 
In the case of rib stretching, then the changes in unit-cell dimensions due 
to changes in rib lengths Jand h are given from equations (3) and (4) by 
dXs = 2cos Bdl (11) 
dY =2sin edl+ 2dh (12)s 
The components of force causing stretching of a diagonal rib and a
 
vertical rib, F1 and Fh, respectively, areI3,4) ,
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F _ Xbsin8 (13)I - 2 O'y 
(14) 
g 
where ay is the applied stress in the y direction. The stretching force 
constant for a rib is defined by(3,4)
It 
K(D == F
• 
= E·,nob(.!LJ (15)s . 
J J 
where j = 1or h for a diagonal or vertical rib, respectively. 
Hence from equations (13) - (15) we have 
dl =Xbsin8 do (16)2K{l) Y 
5 
Xb (l7)dh =K(h) day 
s 
Substituting equations (16) and (17) into (11) and (12) gives the changes 
in unit-cell lengths due to stretching for a load applied in the y direction: 
dX = Xbsin8cos8 d (18)
5 K(l) O'y 
s 
(19) 
Hence substituting equations (7) and {IS} into (5) gives me total change 
in X due to concurrent rib flexure, hinging and stretching: 
(20)
 
Similarly, from equations (6), (8) and (19): 
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(21)
 
The Poisson's ratio in this case is defined by 
de, dX Y 
v =--=-_.- (22) 
YX dEy X dY 
Equation (22) isapplicable to non-linear deformation(34,35) and converges 
to the definition used in the FE calculations (equation (2)) in the case of 
linear deformation, as observed in the FE calculations up to strains - 1%. 
Hence from equations (3), (4), (20) - (22): 
(23) 
The Young's modulus in this case is defined by 
(24)
 
Substituting equations (3), (4) and (21) into {24}: 
h '\ 
T+ sin e)( (25) 
Similarly, it can be shown that for a load applied in the x direction, the 
Poisson's ratio and Young's modulus are given by 
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l) • 2 1 11(1
slnflcos 8 -- + -- - -"T I 
V = Kf Kh Ki)) (26) 
xy rh )[ ( 1 1"' cos 2 e]
-I + sin 9 sin2 e - +-)+ (I)\ Kf x, Ks 
~s 
::>f 
tl. 
Note that the y-directed properties are functions of both the diagonal and 
vertical rib thickness, whereas the x-directed properties are independent 
of the vertical rib thickness (i.e, there is no term containing K/h)). When 
(27) 
t1 = th = t equations (23), (25), (26) and (27) revert to the previously 
developed'" expressions for vertical and diagonal ribs of equal thickness. 
RESULTS 
Validation of Models and Methods 
Table 2 contains a comparison of the FE predictions with those from 
analytical models and experimental data for the Poisson's ratio and 
Young's moduli associated with theconventionai and re-entrant 
membranes fabricated by Alderson et al(28). Two sets of concurrent 
analytical model data are presented, one for concurrent flexure, hinging 
and stretching, and one for concurrent flexure and stretching only (i.e, Kh 
= DO rather than equation (10)). This latter data set corresponds to the 
deformation mechanism likely to occur in the FE model (ribs fixed rigidly 
at the junctions), whereas the former data set are expected to represent 
the deformation of the real honeycombs. The calculated uncertainties in 
the mechanical properties predicted using the analytical models, based 
on the experimental errors associated with the geometrical/intrinsic 
material parameters(28) (Table 1), are also included in Table 2. 
All the data (experimental and theoretical) confirm that the re-entrant 
honeycomb is indeed auxetic (i.e. possesses a negative Poisson's ratio). 
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Table 2 Comparison of calCUlated and experimental VII and £1 data for Honeycomb 1 and Honeycomb 2. Calculated 
uncertainties in the analytical model predictions are based on the experimental errors associated with the geometrical 
and intrinsic material properties(28) (Table 1) 
-
\I V Ex (GPa) Ell (GPa)xy l;" 
Honeycomb 1 
ANSYS FE (this work) +0.93 +0.59 0.19 0.119 
I-OEAS FE(this work) +0.94 +0.59 0.19 0.120 
-Analytical (f1exurey2) +1.34±0.21 +O.75±O.12 0.26±0.18 0.143±0.098 
Analytical (concurrent flexure, hinging & stretching)I3,4) +0.98±O.16 +0.61±O.10 O.17±O.O9 0.103±O.O57 
Analytical (concurrent flexure & stretc:hing)'3.4) +O.93±O.17 +O.59±O.10 O.19±0.11 O.120±O.O73 
F...xperimentI281 +0.86±O.06 +0.6±O.1 O.23±0.O4 0.130±O.OOl 
Honeycomb 2 
ANSYSFE (thiswork) -1.75 -0.44 0.088 0.022 
I-DEAS FE (this work) -1.76 ··0.44 0.087 0.021 
Analytical (flexure)(21 -2.06±0.23 -0.49±O.O5 0.102±O.O31 O.O24±O.OO7 
Analytical (concurrent flexure, hinging & stretching)P·41 -1.78±O.18 -0.44±0.04 0.083±O.O23 O.O21±0.OO6 
Analytical (concurrent flexure & stretching)13.4) -1.76±O.18 -0.43±0.04 0.089±O.025 0.O22±O.OO6 
Experiment(28l -1.82±O.O5 ..O.51±0.01 O.127±0.OO6 O.O32±O.OO6 
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The analytical models show good agreement with the experimental data, 
with the rib flexure model showing the best correlation with the Young's 
moduliwhereas the concurrentmodelsgenerallygiveimproved agreement 
for the Poisson's ratios. It is not clear which concurrent model best 
describes the experimental data due to the experimental uncertainties 
involved. However, the fact that both models are in good agreement with 
experiment confirms that rib hinging is only a minor mechanism in these 
honeycombs. In fact, the agreement between the flexure model and 
experiment confirms that rib flexure is the dominant deformation 
mechanism(28). 
The FE calculations are consistent with the analytical models and the 
experimental data, indicating that the additional constraint of precluding 
rib hingingin the FEmodelsisacceptable for the honeycombs studiedhere. 
It is noted, however, that the FEmodels are in especiallygood agreement 
with the analytical model calculations in which rib flexure and stretching 
occur concurrently. Both of the FE packages give similar results. 
However, whilst the analytical model and experimental Young's moduli 
generally agree within error, in almost all cases the analytical and 
numerical models consistently underestimate the experimental Young's 
moduli for both honeycombs. Often modelling procedures tend to 
overestimate the Young's moduli as a result of incorporating constraint 
on the displacement field (note, for example, the increasing Young's 
moduli in the analytical models as the models become more constrained 
in going from the concurrent flexure-hinging-stretching model through 
the concurrent flexure-stretching model to the flexure model- Table 2). 
The apparentdiscrepancy in the predicted and measuredYoung's moduli 
for the honeycombs reported in this paper is probably due to errors 
associated with the measurement of the geometrical/intrinsic material 
parameters and the experimental method of measuring the mechanical 
properties. In nearly all cases varying each of the geometrical/intrinsic 
material parameters in the analytical models by an amount equal to its 
published experimental uncertainty has greater effect on the Young's 
moduli than the Poisson's ratios (insome cases byan order ofmagnitude). 
Hence, any inaccuracies in the geometrical/intrinsic material parameters 
used in the models would be more evident in the Young's moduli, i.e. the 
Poisson's ratios should stillbe in reasonable agreement (as observed). For 
example, the experimental error associated with t for the conventional 
honeycomb leads to an uncertainty of -50% in the Young's moduli (cf 
- 7-10% in the Poisson's ratios) calculated from the concurrent fIexure­
hinging-stretching model. 
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Experimental errors in the measurement of the mechanical properties 
could arise through gradual slippage ofthe thin polymeric (solid) specimen 
end material from the tensile testing machine grips. This would lead to 
a lower value of (optically measured(28») axial strain, and therefore an 
overestimation of the experimental Young's moduli. The optically 
measured transverse strain would also be reduced (due to the Poisson's 
effect) and so the ratio of transverse strain to longitudinal strain (and 
therefore the Poisson's ratio - equation (2)) would remain largely 
unaffected by gradual grip slippage for honeycombs undergoing linear 
deformation {such as those reported in this paper}. The tensile testing 
machine grips would have the effect of introdudng constraint on the 
:,~:;displacement at the edges of the honeycomb, leading to a strain :~8 
distribution throughout the honeycomb. Hence it is possible that fiducial 
markers placed too close to the edges of the honeycombs would lead to 
an underestimation of the total longitudinal strain and therefore an 
overestimation of the Young's moduli. 1 
Previous studies(2-4) have shown that honeycombs of the type studied in 
this paper obey the reciprocal relation: 
(28) 
Equation (28) isderived from thermodynamic consideration of a material I 
obeying classical elasticity theory and simply corresponds to the material I~ 
,;;~. 
having a symmetric compliance matrix(36). It is trivial to show that the 
analytical model expressions developed above for different vertical and 
diagonal rib thicknesses followequation (28) exactly. Figure 4 shows the 
Yyfix vs vx,ft data for the 3 rib thickness variation scenarios studied using 
the FE mooef. Data are shown for both honeycombs 1 and 2. In all cases 
the data follow the equality line, again confirming that the honeycombs 
behave according to classical elasticity theory. 
From the above comparisons with the analytical models and experimental 
data, we concludethat the FEmodels and methods ofmechanical properties 
calculation yield reliable data Since the twoFEpackagesyield almost identical 
results, only one (A"JSYS) was employed for the detailedstudy below. 
Effects of Rib Thickness Variations on the Young's Moduli 
The calculated Young's modulus in the y direction as a function of residual 
relative density (p' = p/po where p and Po are the relative density and 
initial relative density, respectively, of the honeycomb} due to rib 
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Figure 4 FE model vYJlE. vs vxyEydata for Honeycombs 1 and 2 undergoing 
variation in the thickness of vertical ribs at constant diagonal rib thickness 
(diamonds), variation in the thickness of diagonal ribs at constant vertical rib 
thickness (triangles), and vertical-plus-diagonal (squares) ribs 
w• } 
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thickness reduction for Honeycomb 1 is shown in Figure 5(a). Solid 
symbols are the FE model calculations (diamonds correspond to vertical 
rib thickness variation for constant diagonal rib thickness; triangles to 
diagonal ribthicknessvariation for constant vertical rib thickness; squares 
to thickness variation of both types of rib). Also shown are curves (empty 
symbols) calculated from the concurrent analytical model developed 
above (solid lines are for Kh corresponding to equation (10), assuming 
elastically isotropic rib material: Grlb = Er1tl[2(1 +vriz,)h dashed lines are 
for Kh = 00, i.e. equivalent to the FE model). The residual relative density 
was calculated from: 
{29) 
where thO and are the initial vertical and diagonal rib thickness, t lO 
respectively, and thO = tlO (Table 1). 
The FE and concurrent model calculations are in excellent agreement, 
and the two sets of concurrent model calculations again confirm that rib 
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Figure 5 (a) Calculated residual Young's Modulus In the y direction (E./EyO) 
vs residual relative density for Honeycomb 1 due to variation in the thickness 
of vertical ribs at constant diagonal rib thickness, variation in the thickness 
of diagonal ribs at constant vertical rib thickness, and vertical-plus-dlagonaJ 
ribs (symbols as for Figure 4). E is the Young's modulus for the model 
parameters specified in Table 1. ~lled symbols: FE model; empty symbols 
and solid lines: analytical model for concurrent rib flexure, stretching and 
hinging; empty symbols and dashed lines: analytical model for concurrent rib 
flexure and stretching (I.e. no rib hinging). (b) Calculated E/EY9 vs residual 
relative density for Honeycomb 2 - symbols and lines as for (a) 
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hinging isa minor mechanism for this honeycomb, Allthree rib thickness 
variation scenarios lead to a decrease in E with reduction in residual y 
relativedensity. However, the initial decrease iIIE ismuch lesspronounced v
for vertical rib thickness reduction than for diagonal rib thickness 
reduction, Only as the thickness of the vertical ribs tends to zero 
(corresponding to p" -- 62%) does the E curve assume a lower value for 
vertical rib thickness reduction than for the same residual relative density 
due to diagonal rib thickness reduction, which extends to p" '"" 38% as the 
diagonal rib thickness tends to zero, For the case of varying the thickness 
of both ty-pes of rib simultaneously then E 4 0 as p" ~ 0%. The y 
maximum value of E y for any giv~m residual relative density is then 
achieved byreducing the thickness of the verticalribswhen 64 <p" < 100%, 
When 0 < p" < 64% the maximum value of E is realised by reducing the 
thickness of both types of rib simultaneously. Reducing only the thickness 
of the diagonal ribs never produces the highest E for a given honeycomb y 
residual relative density. 
Figure 5(b) shows the same data for Honeycomb 2 and demonstrates that 
similar trends in Eyareobserved for the re-entrant honeycomb as for the 
conventional honeycomb (Honeycomb 1) in Figure 5(a). 
The calculated Exvariations with residual relative density for rib thickness 
reduction are plotted in Figures 6(a) and 6(b) for Honeycombs 1 and 2, 
respectively. Only analytical model curves for concurrent rib flexure, 
stretching and hinging are shown for clarity due to the negligible effect 
of precluding rib hinging from the model. Again good agreement 
between the FE and analytical model is achieved and similar trends are 
observed for both honeycombs. Reducing the thickness of the diagonal 
ribs, or both types of rib simultaneously, again leads to a reduction in the 
Young's modulus. Ex is, however, found to be insensitive to changes in 
the thickness of the vertical ribs. 
Effects of Rib Thickness Variations on the Poisson's Ratios 
The variation of Poisson's ratio vyx due to loading in the y direction as a 
function of residual relative density due to rib thickness reduction is shown 
in Figures 7(a) and 7(b) for Honeycombs 1 and 2, respectively. For both 
honeycombs, reduction of the vertical rib thickness leads to a reduction 
in the magnitude of vyx(i.e. v becomes less negative for Honeycomb 2j, yx 
whereas reduction ot the diagonal, or diaqonal-plus-vertical rib thickness 
leads to an increase in the magnitude of v (v becomes more negative yx vx 
for Honeycomb 2). 
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Figure 6 (a) Calculated residual Young's Modulus in the x direction <Ex/E.J 
vs residual relative density for Honeycomb 1 due to variation in the thickness 
of vertical ribs at constant diagonal rib thickness, variation in the thickness 
ofdiagonal ribs at constant vertical rib thickness, and vertical-plus-diagonal 
ribs. Exo is the Young's modulus for the model parameters specified in 
Table 1. (b) Calculated E./ExO vs residual relative density for Honeycomb 2. 
Symbols and lines as for Figures 4 and 5 
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Figure 7 (a) Calculated Poisson's ratio in the y direction (vyx) vs residual 
relative density for Honeycomb 1 due to variation in the thickness of vertical 
ribs at constant diagonal rib thickness, variation in the thickness of diagonal
.s 
ribs at constant vertical rib thickness, and vertical-plus-diagonal ribs. (b)al 
Calculated ~ vs residual relative density for Honeycomb 2. Symbols andin 
lines as for "'"igures 4 and 5!. 
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Figures 8(a) and 8(b) show the VXy variations with residual relative density :~i~ 
due to rib thickness reduction for Honeycombs 1 and 2, respectively. As 
for Ex' the variation of vertical rib thickness has no effect on vxv' Reducing II)
the thickness of both types of rib simultaneously, or of the diagonal ribs 
only, leads to the magnitude of v xy increasing for both honeycombs. I 
i 
DISCUSSION ~:~: lThe agreement between the data from the FE model and methods 
presented here with the analytical models and experimental data 
demonstrates that the analytical and numerical models and methods are 
suitable for investigating the effects of varying the thickness of the ribs on 
the mechanical properties of periodic regular honeycombs. The analytical I,~t:·models also validate the FE model for further study of honeycombs not .. 
,0.":'<: 
'~:~:'..easily modelled through analytical methods, e.g. honeycombs containing 
":t!;: 
"i.(':
complex cell shapes, honeycombs contalninq defects, and irregular or \w: 
non-periodic honeycombs. The detailed study into the nature of density 
reduction (i.e.type of rib undergoing thicknessvariation)on the mechanical 
properties has been performed for the first time. 
The x-directed mechanical properties (Ex and ~) were calculated to be 
independent of the vertical rib thickness in the t-t. calculations. As noted 
earlier, this is due to the fact that the analytical model expressions for 
these properties (equations (26) and (27)) do not contain a term relating 
to the vertical rib thickness, th, i.e. K/h). For loading in the x direction, the 
vertical ribs do not hinge or flex and do not have a component of force 
to cause stretching, and so they are redundant in respect of the x-directed 
mechanical properties for regular periodic honeycombs. 
The y-direded mechanical properties do, however, depend on Ks(h) 
(equations (23) and (25)) and become particularly sensitive to vertical rib 
thickness reduction at the lowest honeycomb relative densities achievable 
for this case (Figures 5(a), 5(b}, 7(a} and 7(b)). Hence, in principle, vertical 
rib thickness variation offers the ability to significantly tailor the ~ ~nd 
vyx combination as p* ~ -0.6 in the honeycombs studied here. 1his is 
due to vertical rib stretching becoming the dominant deformation #f'" . 
mechanism when the vertical-to-diagonal rib thickness ratio becomes 
sufficiently small. However, it should be noted that vertical rib stretching Jis only predicted to be dominant for extremely thin vertical ribs, in which
 
case the use of elastic beam theory to describe the deformation of the ribs Ii.:·
 
may be inappropriate.
 1: 
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Figure 8 (a) Calculated Poisson's ratio In the x direction (\lXY) vs residual 
relative density for Honeycomb 1 due to variation in the thickness ofvertical 
ty 
\s 
ribs at constant diagonal rib thickness, variation in the thickness of diagonal
19 ribs at constant vertical rib thickness, and vertical-plus-diagonal ribs. (b))s Calculated v vs residual relative density for Honeycomb 2. Symbols and 
lines as for Figures 4 and 5 
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Reducing the diagonal rib thickness leads to a marked reduction in the 
Young's moduli (Ex and E) of the honeycombs. It has also been noted 
that the honeycombs defonn primarily by rib flexure when the diagonal 
and vertical ribs are of similar thickness. In the flexure limit the analytical 
model expressions (equations (25) and (27)) implythe Young's moduliare 
proportional to K,and, therefore, to t,3-equation (9), thus explaining the 
rapid decrease in Ex and E as the diagonal rib thickness is reduced. y 
So far only rib thickness reduction has been considered. Of course it is 
a simple matter to model increase in rib thickness. Figure 9 shows 
analytical concurrent flexure, hinging and stretching model calculations 
for one example, that of Ey vs p" for both decreasing and increasing rib 
thickness in Honeycomb 1. In this case the increasing rib thickness 
scenarios leading to maximum Young's modulus for a given value of p" 
are found to be: increasing diagonal rib thickness for 1<p"<2 and 
increasing vertical-plus-diagonal rib thickness for p"'>2. However, once 
again we note that in the case of increasing diagonal rib thickness the 
value of the diagonal rib thtckness-to-length ratio (t/J) is equal to 0.66 
Figure 9 Calculated Ey(EyO vs residual relative density for Honeycomb 1 due 
to variation in the thickness of vertical ribs at constant diagonal rib 
thickness, variation in the thickness of diagonal ribs at constant vertical rib 
thickness, and vertica1-plus-diagonaJ ribs. Calculations are from the concurrent 
rib flexure, hinging and stretching model - symbols and lines as for Figures 
4 and 5 
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le when p" = 2 and so the ribs are unlikely to deform according to the simple 
~d beam theory used in the analytical model. 
al 
al The data for varying rib thickness may have implications for a number of 
-e applications. For example, in aeronautical engineering it is important to 
te maximise the material performance with respect to the weight of the 
materiaL Hence composite sandwich panels in which a honeycomb 
structure isincorporatedwithin laminate outer layersor skinsare employed 
is as body parts in aircraft due to their high stiffness and strength-to-weight 
IS ratios. The data in Figs 5-8 indicate that significant reduction in relative 
1S density (and, therefore, weight) can be achieved due to redudnq vertical rib 
b thickness, without significantly adversely affecting the in-plane mechanical 
is properties. For example, Table 3 shows the calculated variation in the 
,. mechanical propertiesfora 20%reduction in relativedensity ofHoneycomb 
d 1 due to each of the rib thickness variation scenarios considered in this 
e paper. In this case vertical rib thickness reduction leads to -12% reduction 
e in Eyand vyx ' and has no effect at all on Ex and ~'CY' On the other hand, 
5 reducinq the thickness of all ribs leads to reductions in Exand E of -41%y 
and 43%, respectively, and variations (increases) in Vxy and v yx of -10% 
and 7%, respectively. Diagonal rib thickness reduction is the worst case ~ 
) scenario in this respect, resulting in -60% reductions in Exand Ev' -15% 
) increase in Vxy and -13% increase in vyx. 
t 
s In fact, a common commercial method for the fabrication of honeycombs 
typically used in sandwich panel composites produces vertical ribs 
consisting of two sections of rib material (each having an in-plane 
thickness equal to that of a diagonal rib) bonded together in some 
manner. Neglecting, as a firstapproximation, the thickness and properties 
of Honeycomb 1 at p. - 80% 
.1.v"y (%) .1.vyr. (%) aE" (%) .1.E (%)y 
Vertical rib thickness variation 0 -12 0 -12 
whilst maintaining constant 
diagonal rib thickness 
Diagonal rib thickness variation +15 +13 -60 -60 
whilst maintaining constant 
vertical rib thickness 
Diagonal-plus-vertical rib +10 +7 -41 -43 
thickness variation 
Table 3 Calculated (analytical model) variation in mechanical properties 
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of the adhesive leads to the vertical ribs having twice the thickness of the 
diagonal ribs, i.e. t h = 2t/. We have seen that varying the thickness of the 
vertical ribs does not affect Ex and, as can be seen from Figure 9, 
increasing the vertical rib thickness to 2t l (= O.28mm for Honeycomb 1) 
leads to only a small increase in E (EIE = 1.07). This corresponds to y vo 
p" = 1.38 for Honeycomb 1. Table 4 shows that a 41% weight saving 
could be achieved by simply reducing the vertical rib thickness to th = t,l2 (= 
O.07mm for Honeycomb 1). This would have no effect on Ex and would 
reduce Ey by -17%. Such a reduction in Ey may be tolerated in sandwich 
panel applications for aerospace (where weight savings are crucial) since 
the sandwich panel in-plane stiffness is largely conferred by the outer skin 
material surrounding the honeycomb core. Alternatively, the models may 
be used to minimise the relative density and also the variance of both 
Young's moduli whilst maintaining th = t,J2. Table 4 shows that in this 
case the two Young's moduli vary by no more than ±10% from the value 
corresponding to th = 2t l when th = O.073mm and t/ = 0.146mm for 
Honeycomb 1. Again a weight saving of -40% is predicted by the model. 
The rib thickness variation data may also have implications for auxetic 
honeycomb filters(27.28) where the filters may be cleaned through 
application of an external stress resulting in the pores opening up to allow 
passage of blocking particles through the filter. The amount of unblocking 
has been found to be dependent on the amount of strain applied and on 
the value of the negative Poisson's ratio corresponding to the loading 
direction(28). Clearly, during service the ribs of a honeycomb filter may 
degrade due to wear and abrasion processes. Filters which could be 
designed such that the vertical ribs undergo wear (thickness reduction) in 
preference to the diagonal ribs would tend to maintain the effective 
mechanical properties of the pristine filter, which would then only require 
a relatively simple control system for the filter de-fouling operation. 
Table 4 Calculated (analytical model) Young's modulI and residual 
relative density corresponding to different til' t j combinations for 
Honeycomb 1. All other honeycomb parameters are as specified for 
Honeycomb 1 In Table 1 
th (rom) t, (mm) p. E/Exo EjEyO 
0.280 0.140 1.38 1.00 1.07 
0.070 0.140 0.81 1.00 0.88 
0.073 0.148 0.84 1.10 0.97 
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The rib thickness variations may also be relevant in understanding the 
e 
e 
behaviour of biomedical materials. For example, honeycomb theory 
, provides a relatively simple approximation to model the mechanical , 
properties of bone. It is known that people who suffer from osteoporosis 
.J\
undergo bone mass loss in trabecular bone through thinning and eventual 
resorption of th.e trabeculae(37). The FE method can be employed to 
J 
model more complex (2D and 3D) structures, e.g. foams, which enables 
:l 
= 
the scope of the work presented here to be broadened to more materials 
and applications. 1 
1 
I CONCLUSIONS 
1 
FE and analytical models have been used to investigate the effects of 
honeycomb density variations, through variations in rib thickness, on the 
Young's moduli and Poisson's ratios of conventional and re-entrantr 
honeycombs. Excellent agreement isachieved between the two modelling 
methods. The mechanical properties are predicted to be dependent on 
the type of rib undergoing thickness variation: 
1 
•	 Reducing the thickness of vertical ribs whilst maintaining constant 
diagonalribthicknessleadsto a reduction in the magnitude ofEy and vyx' 
} 
•	 Ex and vxy are independent of vertical rib thickness variation. This 
is due to the fact that there is no component of an applied x-directed 
load with which to cause stretching, hinging or flexing of vertical 
ribs. 
•	 Reducing the thickness of diagonal ribs whilst maintaining constant 
vertical rib thickness leads to a decrease in both Eyand Ex, but leads 
to an increase in the magnitude of both vyx and vxy' 
•	 E is initially more sensitive to diagonal rib thickness variation thany 
for vertical rib thickness variation. This is due to the fact that flexure 
of the diagonal ribs is the dominant deformation mechanism for 
honeycombs having diagonal ribs of similar or lower thickness than 
the vertical ribs. However, stretching of the vertical ribs in response 
to a y-directed load may become the dominant deformation 
mechanism when the vertical rib thickness is significantly lower than 
the diagonal rib thickness. Hence E becomes more sensitive to y 
vertical rib thickness variation as the vertical rib thickness tends 
towards zero. 
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The model calculations indicate that the density and mechanical properties 
of honeycombs can be optimised for specific applications through the 
design and control of honeycomb rib thickness. 
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